Introduction
A 2-(v, k, λ) symmetric design is an incidence structure D = (P, B) where P is a set of points and B is a set of blocks with an incidence relation such that: (i) |P| = |B| = v, (ii) every block is incident with exactly k points, and (iii) every 2-element subset of P is incident with exactly λ blocks. It is also called a λ-plane. D is called nontrivial if λ < k < v − 1, and the order of D is n = k − λ. An automorphism of a design D is a permutation of the points which also permutes the blocks, preserving the incidence relation. The set of automorphisms of a design with the composition of functions is a group. If G is a primitive permutation group on the point set P then G is called point-primitive, otherwise point-imprimitive. A flag in a symmetric design is a point-block pair, such that the point is incident with the block. Thus to say that G is flag-transitive means that if α 1 , α 2 are points, B 1 , B 2 are blocks, and α i is incident with B i for i = 1, 2, then there is an automorphism of D taking (α 1 , B 1 ) to (α 2 , B 2 ).
Symmetric designs with λ small are of interest. For example, those with λ = 1 are the projective planes, while those with λ = 2 are called biplanes. Flag-transitivity is just one of many conditions that can be imposed on the automorphism group G of a symmetric design D. For the flag-transitive projective planes, Kantor [9] proved that either D is a Desarguesian projective plane and PSL (3, n) G, or G is a sharply flag-transitive Frobenius group of odd order (n 2 + n + 1)(n + 1), where n is even and n 2 + n + 1 is prime. In [22] [23] [24] [25] , using the theorem of classification of finite simple groups, Regueiro reduced the classification of flag-transitive biplanes to the situation where the automorphism group is a 1-dimensional affine group.
For the case λ = 3, a (v, k, 3)-symmetric design is called a triplane. The parameters of triplanes with n = k − 3 ≤ 25, k ≤ v/2 and 4n − 1 < v < n 2 + n + 1 satisfying k(k − 1) = 3(v − 1) and the Bruck-Ryser-Chowla condition are listed in [3, p. 80] . In this range, the only known examples of triplanes correspond to n = 6, 7, 9, 12 are (v, k) = (25, 9), (31, 10) , (45, 12) , (71, 15) , but for n = 13, 16, 19, 22, 25, (v, k) = (81, 16) , (115, 19) , (155, 22) , (201, 25) , (253, 28) respectively, the existence is still undecided.
(1) G is of affine type; (2) X is a sporadic simple group; (3) X is an alternating group; (4) X is an exceptional group of Lie type; (5) X is a classical group.
Recently, it has been shown in [32, 33] that X cannot be a sporadic group or an exceptional group of Lie type. Here we deal with case (5) and prove the following: We will prove Theorem 1.2 in Section 3. Our proof will proceed as in [29, 24, 25] , in which the case for finite linear spaces, biplanes with a flag-transitive automorphism group is treated, respectively. Theorem 1.2, together with [32, 33] , yields the following:
Corollary 1.3. If D is a nontrivial triplane with a flag-transitive automorphism group G, then one of the following holds:
(i) D has parameters (45, 12, 3) , (ii) D has parameters (11, 6, 3) , (iii) G is of affine type, (iv) Soc(G) is an alternating group.
Preliminary results
We assume throughout this paper that q = p e for p a prime and e a positive integer. If n is a positive integer, then n p denotes the p-part of n and n p denotes the p -part of n. In other words, n p = p t where p t | n but p t+1 n, and n p = n/n p .
Let D be a finite nontrivial triplane, and G be a flag-transitive, point-primitive automorphism group of D. We shall assume that G has the socle X which is a simple classical group with a natural projective action on a vector space V of dimension n over the field F (note that we take F = GF (q) if X is not a unitary group, and
and X is one of the finite classical groups:
Our aim is to classify all possible pairs (D, G). If H is the stabilizer in G of a point α of D, i.e. H = G α , then H is maximal in G, by Aschbacher's Theorem [1] , the stabilizer H lies in one of the families C i (1 ≤ i ≤ 8) of subgroups of Γ L n (q), or in the set S of almost simple subgroups not contained in any of these families. We will discuss our problem using these families C i ∪ S and the classification of primitive permutation groups of odd degree(see Lemma 2.9). In describing the Aschbacher's geometric subgroups, we denote byˆK the pre-image of the group K in the corresponding linear group.
Here we give some special notation for subgroups in C 1 , see [14, 18] for details. Let P i be the parabolic subgroup of X obtained by deleting the ith node in the standard Dynkin diagram associated with X . In fact P i is the stabilizer of a totally singular i-dimensional subspace of V , except when X = PΩ + 2m (q) and i = m − 1. In this last case there are two X -orbits on totally singular m-spaces P m−1 and P m being the stabilizers of representatives of the different orbits.
Assume that X = L n (q), and let W be a nonsingular i-subspace of V . We denote the stabilizer
Now set X α = X ∩ H, and define m = |G : X |. The following lemma gives some fundamental information which is essential to the proof of Theorem 1.2.
Lemma 2.1.
Since v = |G : H|, and k ≤ |H|, the result follows.
Consider the action of G on the set P × P. Let ∆ be an orbital of G. Counting in two ways the number of triples (α, β, B) where α = β ∈ B, B ∈ B and (α, β) ∈ ∆, we find
where vk is the number of flags (α, B), and t the number of triples that contain the flag (α, B). Since G is flag-transitive, t is independent of the choice of the flag (α, B), and since |∆| = vd i , then 3vd i = vkt. It follows that 3d i = kt, so k | 3d i . (viii) If X ≤ H then HX = G by the maximality of H, whence |H : X ∩ H| = |G : X | = m. Part (ix) follows from (iv), (viii) and m = |G : X |. Part (x) is a direct consequence of (iv) and (v). Remark 1. Lemma 2.1(vii) comes from [5] . Here we have given a slightly different proof which is due to Prof. H. Li. We have also that if D is a (v, k, λ)-symmetric design with a flag-transitive automorphism group G, then k | λd i , for every subdegree
Remark 2. If all the maximal subgroups of G are known, then one can usually rule out all possibilities for the stabilizer H using the results provided by Lemma 2.1 (in particular, Lemma 2.1(iv), (v)). This is essentially the strategy adopted in [11, 24, 25, 29, 33] . [30, (1.6) Proof. Assume first that X is one of the simple exceptional groups of Lie type in characteristic 3, and take H maximal in X .
Lemma 2.2 (Tits Lemma,
Then by [19] , if 3|H| 3 ≥ |X| 3 , H is either contained in a parabolic subgroup, or H and X are as in [19, 
, U n (q) and n ≤ 6, (ii) X = PSp n (q) and n ≤ 9, (iii) X = PΩ n (q) and n = 2m + 1 ≤ 11, (iv) X = PΩ ε n (q) and n = 2m ≤ 10. We check the list of maximal subgroups of X for n ≤ 11 in [12, Chapter 5], and we find that there is no subgroup H such that 3|H| 3 ≤ |X| 3 . We then check the list of the groups in [16, 
Lemma 2.8 ([29, Lemma 2.6], [21, Lemma 3.9]). If X is a group of Lie type in characteristic p, acting on the set of cosets of a maximal parabolic subgroup, and X is not PSL d (q), PΩ + 2m (q) (with m odd), then there is a unique subdegree which is a power of p.
We remark that even in the cases excluded in Lemma 2.8, many of the maximal parabolic subgroups still have the property as asserted.
The following lemma which will be used in this paper gives the classification of primitive groups of odd degree with the socle of a classical simple group. (ii) X is a classical group with natural projective module V = V (n, q) and one of (1)- (7) below holds:
(1) H is the stabilizer of a nonsingular subspace (any subspace for X = PSL n (q)), 
Lemma 2.10. Let a, b, c be positive integers, then (a, bc) | (a, b)(a, c).
Proof. The assertion is obvious. Table 1 For each group X the table also gives the order of Out(X ), the outer automorphism group of X . We use the standard notation L n (q), U n (q) for the groups PSL n (q), PSU n (q), respectively.
Lemma 2.11 ([18, p. 19]). We list in
Note. All the groups in Table 1 are simple, except for: 
3. Proof of Theorem 1.2
Let D = (P, B) be a finite nontrivial triplane, and G be a primitive flag-transitive automorphism group of D, with simple socle X = Soc(G) a finite classical group. By Lemma 2.1(ii), G is a primitive permutation group of odd degree on the set P. In this section, we will prove Theorem 1.2 by dealing with all cases in Lemma 2.9 separately. 
Odd characteristic
(Note that the complete lists of the maximal subgroups of low-dimension classical groups are obtained by Kleidman in [12, Chapter 5] . By the lists, we know that X (q 0 ) lies in C 5 for all low-dimension cases which we need to consider in the following.)
Note that q 2 − 1 ≥ 
, it follows that k | 6e, and k is far too small to satisfy k 2 > 3v, a contradiction. , by calculation (using GAP, see [31] ), we know that in every case 12v − 11 is not a square, contrary to Lemma 2.1(iii). Now assume that n ≥ 4. By Corollary 2.
, we have
it follows that n = 4 and s = 3, or n = 5 and s = q 0 = 3.
If n = 4 and 
, and so v = 3 20 .7 2 .13 3 .73.757.4561. It is easily shown that 5 (12v − 11), contrary to Lemma 2.1(iii).
. For all these cases, by the inequality
which forces (i) s = 3, (ii) s = 5 and n = 3, or (iii) s = 7 and n = 3.
, we have n ≤ 5. The remaining three cases can be easily ruled out, using the fact that k divides 3(v − 1, |Out(X)||X α | p ).
If s = 5 and n = 3, then 
Proof.
Suppose that H is the stabilizer of a nonsingular subspace (any subspace for X = L n (q)). 
Since k
(ii) i = 3 and 6 ≤ n < 10 or (iii) i = 4 and n = 8.
If i = 2 then G has rank 3. The symmetric designs with a primitive rank 3 automorphism group have been classified by Dempwolff, from [6] we know that there is no such triplane.
In the second case, since q and v =
are odd, then n = 7. However, if n = 7, take γ = e 4 , e 5 , e 6 to see that k | , and so in fact
If i = 4 and n = 8, then v =
is even, a contradiction. Hence i ≥ 2. Let W be the i-space stabilized by H and choose w ∈ W with Q (w) = 1, and u ∈ W ⊥ with Q (u) = −c for some nonsquare element c ∈ GF (q). 
Since q is odd, the subdegrees of X are(see [2] ):
So k divides three times the highest common factor of the subdegrees, and in every case k is too small to satisfy 3v < k 2 . Subcase (v). X = U n (q) (n ≥ 3). Assume that H = N i where i < n/2, and let α = e 1 , . . . , e i , β = e 1 , . . . , e i−1 , e i+1 , then k divides 3(q
Now suppose that
. On the other hand, if p = 3, applying Lemma 2.7 to U n (q) we see that k is divisible by the degree of a parabolic action of U n (q). By computation, we get n − 1 ≤ 4. If n = 5, then k divides So p = 3. First we assume that n is even, then v =
for some integer c, by , which is impossible since n ≥ 3.
If n is odd, then v =
This gives 3 Lemma 2.9 holds, then D is the unique (45, 12, 3) -triplane, with G = X : 2 = PSp 4 (3): 2 and , but in every case we have v is even, a contradiction. Let b > 1, and consider α = { v 1 , . . . , v b , v b+1 , . . . , v 2b , . . .}, β = { v 1 , . . . , v b−1 , v b+1 , v b , v b+2 , . . . , v 2b , . . . , , we can find in every case 12v − 11 is not a square, contrary to Lemma 2.1(iii). Now suppose in the following that X ∩ H is the stabilizer of an orthogonal decomposition
. . , e m , f m } be a standard symplectic basis for V . Assume that each of the V j 's is nonsingular of dimension 2i. −8i+2 . It follows that i ≤ 2. If i = 2 then q = 3, 5, 7, it is easily shown that 12v − 11 is not a square in each case. 
2. This appears in Theorem 1.2(ii).
Since |G| < 3|G α | p , the only possibilities are (i) X ∩H = 2 6 .A 7 < Ω 7 (q) with q = 3 or 5, and (ii) X ∩H = 2 n−1 .A n < Ω n (3) with n = 7, 9, or 11. It is easily shown that in each case k | 3(v − 1) forces 3v > k 2 , a contradiction. If b = 1 then the inequality |G| < 3|G α | p forces X ∩ H = 2 n−2 .A n , with n = 8 or 10 and X = PΩ [13] , so H is too small.) In the former case, v = 3 10 .5.13 and |Out(X)
, k is too small. In the latter case, v − 1 = 2 6 .21868406873, so k divides 3.2 6 , k is too small to satisfy 3v < k
|Out(X)|, and from 3v < k 2 we obtain n = 8, q = 3, and hence v is even, a contradiction. Now suppose that b > 2, the inequality |G| < 3|G α ||G α | p forces b = m (and so ε = +). First assume that m = 4, since v is odd, the type of V i must be +. Then, by [13] 
4 , and
4 we have k | 18e 2 , where e = log p q, contrary to 3v < k 2 .
Hence m ≥ 5, and we handled similarly as the Subcase (iv) in Lemma 3.2.
, 
, i.e., k | 32n(n − 1)(n − 2). Hence n = 3 or 4. These can be excluded, as k divides 3(v − 1). 
By Lemma 2.8, there is a subdegree which is a power of p. On the other hand, since p is odd then (v − 1) p = q, so k ≤ 3q.
Hence k 2 < 3v, which is a contradiction. (b) U ⊕ W = V and G contains a graph automorphism of X interchanging U and W . Proof. Subcase (i). X = PΩ 7 (q), X ∩ H = Ω 7 (2), with q prime and q ≡ ±3 (mod 8).
Here, |X| = 
Since q is odd, the subdegrees here are [7, , by k(k − 1) = 3(v − 1) we have
Therefore, (2m 2 − 3)(q + 2) = −9 − 2m, and q = 9+2m 3−2m 2 − 2 < 13, a contradiction. 2 (e = 2). Of these, the only value for which v is odd and 12v − 11 is a square is q = 11. So, in this case, v = 11, k = 6. Hence we have a (11,6,3)-triplane, the complementary design of a (11, 5, 2)-biplane. It is well-known that the full automorphism group of (11, 5, 2)-biplane is PSL 2 (11) , and the point stabilizer is A 5 [22, p. 138 ]. Hence we have that G = X = PSL 2 (11) and G α = A 5 here. This occurs in Theorem 1.2(i).
Subcase (vi). X ∩ H = PGL 2 (q = 38400. Hence, the possible pairs (a, p) are: (1) a = 1, p ≤ 383; (2) a = 2, p ≤ 37; (3) a = 3, p ≤ 13; (4) a = 4, p = 3, 5, or 7; (4) a = 5, p = 3 or 5; (5) 6 ≤ a ≤ 9, p = 3.
By using GAP [31] , for all these possible parameters, we can find only a = 1, p = 3 (and so v = 15) satisfy the condition that 12v − 11 is a square, so by the equation k(k − 1) = 3(v − 1) we get k = 7. However, this contradicts the fact k | 24a(p a − 1) = 48. Lemma 3.8. Case (B)(ii)(7) in Lemma 2.9 cannot occur.
Proof. Suppose that X = PSU 3 (5) and X ∩H = M 10 . Then v = 175, but 12v −11 = 2089 is not a square, a contradiction.
Characteristic 2
Lemma 3.9. Case (A) in Lemma 2.9 cannot occur.
Proof. Assume that the socle X = X (q) of G is a classical simple group in characteristic 2, and X α := X ∩ H is a parabolic subgroup of X . Then |G : H| = |X : X α | = v. By Corollary 2.4, H is a maximal parabolic subgroup of G. .
Then we see that v ≡ q + 1 (mod pq), whence (v − 1) 2 = q. There is a subdegree which is a power of 2 by Lemma 2.8. It follows that k divides 3q = 3. .
